§1. Introduction
Gravitational radiation is one of the most important predictions resulting from general relativity. The presence of gravitational radiation has been proved indirectly through its effect on the orbital period of the Hulse-Taylor binary pulsar. 1) Owing to advances in modern technology, the era of gravitational wave astronomy has almost arrived. Several ground-based interferometric gravitational wave detectors have been operated 2)-5) for several years. Nextgeneration ground-based interferometers such as advanced LIGO, advanced VIRGO and LCGT, are planned, and will be started in the near future. Research and development studies of a space-based gravitational wave observatory project, the Laser Interferometer Space Antenna (LISA), 6) are rapidly progressing. There are also proposals for laser interferometer gravitational wave antennas in space such like a DECihertz Interferometer Gravitational wave Observatory (DECIGO) 7) and a Big Bang Observer (BBO). 8) Those will be sensitive to frequencies of 10 −2 ≤ f ≤ 1 Hz.
One of the most promising sources of gravitational waves that can be detected by LISA is a compact star orbiting a supermassive black hole. Observing gravitational waves from this type of binary system, i.e., an extreme mass ratio inspiral (EMRI), we may be able to obtain information on the central black hole's spacetime such as the mass, spin of the black hole and the mass distribution of compact objects in the center of the galaxy. To extract the physical information of EMRI from observational data obtained by the detectors, we have to compute the theoretical waveforms with a phase accuracy within one cycle over the total number of cycles. LISA is sensitive to gravitational waves around 10 −2 Hz. When the observation of LISA is performed for one year, the total number of cycles of waves is ∼ 10 5 .
Thus, to analyze one year of data obtained from LISA, we need theoretical waveforms that are accurate to 10 −5 .
The dynamics of EMRI is accurately modeled as a point particle of small mass moving around a Kerr black hole. Therefore, gravitational waves from EMRI can be evaluated using black hole perturbation theory, which was originally developed as a metric perturbation theory for a black hole spacetime. For nonrotating (Schwarzschild) black holes, a single master equation for the metric perturbation was derived by Regge and Wheeler for the odd-parity parts, 9) and later by Zerilli for the even-parity parts. 10) These equations are remarkably simple, separable, hyperbolic equations with a potential term. For rotating black holes, at present, there are no simple decoupled equations for metric coefficients. Instead the perturbed geometry must be analyzed by the equations derived by Teukolsky using gauge-invariant variables corresponding to some tetrad components of the perturbed Weyl curvature.
11)
Using this Teukolsky formalism, there have been many numerical computations of gravitational waves induced by a point particle. See Chandrasekhar 12) and Nakamura et al., 13) for reviews and for references on earlier papers. For simple orbits such as circular or equatorial orbits around a black hole, an accuracy of 10 −5 has been achieved, which may be sufficient to detect gravitational waves. Computations of gravitational waves induced by a particle moving on eccentric nonequatorial orbits are now available. 14) However, a large amount of computation time is needed and the results have only a few orders of accuracy.
Furthermore, it has been pointed out that EMRIs radiating gravitational waves within the LISA band have high eccentricities. 15) So far, the gravitational energy flux has been computed only for orbits with eccentricity less than 0.7. This is primarily due to the low numerical accuracy and high computational time at the high-frequency modes. In the Teukolsky formalism in the frequency domain, when we treat a large eccentricity and large inclination angle, we need to compute a large number of harmonics corresponding to the radial and polar motion. Thus, the computation time becomes a serious problem. It is thus desirable to develop more efficient and more accurate numerical codes.
In the Kerr spacetime, there are three constants of motion of a geodesic: the energy, angular momentum and Carter constant. Using the conservation law, we can evaluate the rates of change of the energy and angular momentum of a particle due to the emission of gravitational waves. In contrast, the rate of change of the Carter constant cannot be derived from the conservation law. Mino proposed a method to evaluate the average rates of change of the three constants including the Carter constant 16) under an adiabatic approximation.
He showed that the average rates of change can be evaluated using the radiative field instead of the retarded field. Using Mino's method, Drasco et al. 17) derived simplified version of his formula for the case of a scalar field. Sago et al. 18 ) developed Mino's method further, giving a simplified version of his formula. Applying their new scheme, they gave explicit analytic formulas for the rates of change of constants when a particle moves on slightly eccentric and slightly inclined orbits. 19) Ganz et al. extended this computation to the case when a particle moves on slightly eccentric and arbitrarily inclined orbits. 20) However, these two results are based on the assumption of small eccentricity and the post-Newtonian approximation to the order O((v/c) 5 ).
In this paper, we compute the rates of change of the three constants of motion, including the Carter constant, induced by a particle moving on eccentric and inclined orbits around a Kerr black hole without assuming small eccentricities, small inclination angles or low velocity.
This is the first time that the rate of change of the Carter constant has been computed accurately using an adiabatic approximation. Drasco and Hughes 21) computed the rate of change of the Carter constant assuming that the inclination angle does not change. However, this assumption holds only approximately, rather than exactly. To treat cases of large eccentricity and inclination angle, we introduce various methods.
The numerical method used to compute the homogeneous solution of the Teukolsky equation is based on that of Fujita and Tagoshi, 22) , 23) in which the Mano-Suzuki-Takasugi formalism 24) is used. However, since only circular, equatorial orbits are treated in these works, we extend the method so that we can compute the homogeneous solutions efficiently in eccentric and inclined cases. For the source term, we introduce analytical expressions for the radial and polar motion to achieve high accuracy. The paper is organized as follows. In § 2, we summarize the details of the method for computing the gravitational waves from EMRIs using black hole perturbation theory. In § 3, we explain our numerical methods. In § 4, we discuss the peaks of radial and polar modes briefly then we derive the rates of change of the three constants of motion for highly eccentric orbits. Next, we verify our code using the Schwarzschild case and by comparison with analytical post-Newtonian expressions. Section 5 is devoted to a summary and discussion. In the Appendices, some detailed formulas are given. Throughout this paper we use units with c = G = 1. §2. Formulas for the rate of change due to gravitational wave emission
In the Teukolsky formalism, the gravitational perturbation of a Kerr black hole is described in terms of the Newman-Penrose variables, Ψ 0 and Ψ 4 , which satisfy the master equation. The Weyl scalar Ψ 4 is related to the amplitude of the gravitational wave at infinity as
The master equation for Ψ 4 can be separated into radial and angular parts if we expand Ψ 4 in Fourier harmonic modes as
where ρ = (r − ia cos θ) −1 , the angular function −2 S aω ℓm (θ) is the spin-weighted spheroidal harmonic with spin s = −2, and M and aM are the mass and angular momentum of the black hole, respectively. The radial function R ℓmω (r) satisfies the radial Teukolsky equation,
where ∆ = r 2 − 2Mr + a 2 . The potential term V (r) is given as
where K = (r 2 + a 2 )ω − ma and λ is the eigenvalue of −2 S aω ℓm (θ). We solve the radial Teukolsky equation by using the Green function method. The solution of the Teukolsky equation with a purely outgoing property at infinity and a purely ingoing property at the horizon becomes where P = ω − ma/2Mr + and r * is the tortoise coordinate defined as
The asymptotic property of the solution at the horizon is expressed as
The solution at infinity is expressed as
Using the formula of the source term T ℓmω , 25) Z ∞,H ℓmω are expressed as
where 12) where A nn0 and other terms are given in Appendix A. The function I
∞,H ℓmω [r(t), θ(t)] is constructed from the source term of the Teukolsky equation and depends on the orbital worldline of the star perturbing the black hole spacetime. If the trajectory of a compact star is eccentric and inclined from the equatorial plane, it is not easy to evaluate Eq. (2 . 11) . This is because the radial and polar motion are coupled in the observer time variable t. This problem can be solved by introducing a new time variable λ defined as dλ = dτ /Σ, where Σ = r 2 + a 2 cos 2 θ. 16), 26) The geodesic equations become
where
and E, L z and C are the energy, the z-component of the angular momentum and the Carter constant per unit mass, respectively. The equations of radial and polar motion are decoupled in Eqs. (2 . 13) and (2 . 14). For the bound orbits, r(λ) and θ(λ) become periodic functions that are independent of each other. The fundamental periods for the radial and polar motion, Λ r and Λ θ , are defined as
The angular frequencies of the radial and polar motion become
Explicit expressions for Υ r and Υ θ are given in Appendix B.
We define the angle variables as w r = Υ r λ and w θ = Υ θ λ. The functions that depend only on r or θ become periodic functions with respect to w r or w θ , respectively, with period 2π.
We expand the right-hand sides of Eqs. (2 . 15) and (2 . 16) into Fourier series, 20) where
21)
Since T k,n = 0 and Φ k,n = 0 in the case of k = 0 and n = 0, we have 27) where
Since T k,n = 0 for k = 0 and n = 0, we need to compute T k,0 , T 0,n , Φ k,0 and Φ 0,n , which can be easily obtained from a one-dimensional Fourier transformation. We obtain the functions t(λ) and φ(λ) from the following formulas:
The two variables, Γ and Υ φ , represent the average rates of change of t and φ as functions of λ, respectively. When we consider the bound orbits of a point particle using λ, the amplitude of the partial wave Z ∞/H ℓmω , defined in Eq. (2 . 11), can be expanded by using a Fourier series as
Using these functions, the gravitational waveform at infinity is expressed as
Moreover, the time-averaged rates of change for the three constants of motion due to the emission of gravitational waves are expressed as and inclination angle θ inc = 45 • . The black hole's spin is set to a = 0.9M . The left figure is expressed using a Cartesian coordinate system. The right figure is expressed by using a corotational system, defined as Eq. (3 . 2). where
39) The numerical integration of Eq. (2 . 32) and the mode summation are explained in § 4.
Geodesics
Geodesics around a Kerr black hole are completely specified by the three constants of motion, (E, L z , C). Instead of using these three constants, it is convenient to introduce three orbital parameters: eccentricity e, semilatus rectum p and inclination angle θ inc which are defined in Eq. (B . 3). There is a one-to-one correspondence between the orbital parameters (p, e, θ inc ) and (E, L z , C).
21), 28)
Our method of computing geodesic motion is summarized as follows. We specify three orbital parameters, (p, e, θ inc ). We first compute the constants of motion, E, L z and C, which correspond to (p, e, θ inc ). We then compute the orbital frequencies of the radial and polar motion, Υ r and Υ θ . We find that the solutions of the r and θ components of the geodesic equations are expressed in terms of Jacobi elliptic functions, which can be easily computed numerically (see Appendix B). This enables us to evaluate the bound orbits accurately. We have not confirmed whether this method is faster than the numerical integration methods when the same accuracy is required. However, since we need to compute the geodesic motion only once, its computation time is negligible compared with the total computation time. Thus, we adopt this method. The r and θ components of coordinates and velocity of the particle, r(w r ), [dr/dλ](w r ),[cos θ](w θ ) and [d cos θ/dλ](w θ ), are respectively expressed using w r and w θ analytically.
The t and φ components of the solution of the geodesic equations can be obtained using Here we demonstrate a geodesic orbit computed using our code. We start an orbit at (t, r, θ, φ) = (0, p/(1 + e), 0, 0), and end it after several oscillation periods of radial and polar motion. In Fig. 1 , we plot the orbit on two different coordinate systems. The left figure of Fig. 1 is expressed using the Cartesian coordinate system (t, x, y, z) defined as t = t, x = r sin θ cos φ, y = r sin θ sin φ, z = r cos θ.
(3 . 1)
This figure indicates the well-known fact that generic geodesic orbits around a Kerr black hole are complicated. To understand the physical meaning of the orbital parameters p, e and θ inc , it is useful to express the orbit using the corotational coordinate system (t, X, Y, Z) defined as
where the precession frequency, Υ pre , is defined as Υ pre := Υ θ − Υ φ . The right figure in Fig. 1 is expressed in the corotational coordinate system. The left figure in Fig. 2 is a plot of the orbits projected onto the X = 0 plane. This figure shows that the particle almost remains on the Z = Y tan θ inc plane. In fact, the orbit around a Schwarzschild black hole is exactly on this plane. On the other hand, when the parameter p becomes small and the particle approaches the horizon, it becomes impossible to define such an approximate orbital plane.
In such a case, it is not appropriate to call the parameter θ inc the inclination angle.
The right figure in Fig. 2 is the projected image onto the Z = Y tan θ inc plane. The minimum and maximum distances from the origin, r min and r max , are r min = p/(1 + e) and r max = p/(1 − e). In this sense, e and p are called the eccentricity and semilatus rectum, respectively.
Homogeneous solutions
Mano, Suzuki and Takasugi In the MST formalism, on the other hand, the analytical forms of these asymptotic amplitudes of the homogeneous Teukolsky equation are given. We can evaluate the asymptotic amplitude very accurately. Furthermore, since the convergence of the series of hypergeometric functions is fast, we can obtain the homogeneous solutions themselves very accurately. In this paper, since we treat eccentric orbits, we need to evaluate the homogeneous solutions at many radial points. Although the convergence of the series of hypergeometric functions or Coulomb wave functions is very fast, the computation time required to evaluate these series is not negligible. We thus use the method of successive Taylor series expansions.
We first compute a homogeneous solution at a radius r, where r min ≤ r ≤ r max , using the series of hypergeometric functions. This gives a very accurate boundary value of the solution.
We then compute the homogeneous solution at r + h using the Taylor series expansion around r. The nth derivative of the homogeneous solution at radius r is evaluated from the recurrence relations derived by differentiating the homogeneous Teukolsky equation. The relative error of the Taylor series expansion is estimated as (
ℓmω (r). We adjust n and h to obtain a relative error ∼ 10 −15 . Next, we repeat the Taylor series expansion around r + h to obtain the homogeneous solution near r + h. In this way, we obtain R in/up ℓmω (r) for all radii. The Taylor series expansion is used to solve ordinary differential equations when high accuracy is required. The Taylor series method in Ref. 29 ) is faster than the standard numerical integration methods when the required accuracy is better than 10 −6 . We adopt the Taylor series method since we aim to develop a highly accurate code. We confirmed that this method gives accurate results and is much faster than using the hypergeometric series expansion. However, we have not compared the computing time of the Taylor series method with that of the standard numerical integration method by setting the same accuracy. The use of the numerical integration method together with the MST formalism may be useful for reducing the computation time when the required accuracy is not very stringent.
The spin-weighted spheroidal harmonics, −2 S aω ℓm (θ), are evaluated using a series of Jacobi polynomials. The details of the numerical method are described in Ref. 22 ). Although it should be possible to use the Taylor series method for the spin-weighted spheroidal harmonics, we have not attempted this yet. §4. Results
Energy spectrum
In this section, we compute the rates of change of the three constants of motion, including the Carter constant.
We use the trapezium rule to compute the integral, Eq. (2 . 32). This is because the integrand is a periodic function. It is well known that if a periodic function is integrated over one period, the trapezium rule is a suitable method for numerical integration.
The MST formalism can be applied only for the case that the frequency is positive, ω > 0.
The mode summation in Eq. (2 . 35) is performed using the following equations:
where n 0 is the minimum integer such that mΥ φ + kΥ θ + n 0 Υ r > 0 holds for each m and k.
We also define the intermediate modal energy flux for later use:
The behavior of the spectrum in terms of n is complicated. In Fig. 3 , we show the modal energy flux at infinity, dE ℓmkn / dt ∞ GW , as functions of n in the Schwarzschild case and in the cases of e = 0.1, 0.5, 0.7 and 0.9. Figure 4 is the same figure in the Kerr case with a = 0.9M. From these figures, we find that the number of peaks of dE ℓmkn / dt ∞ GW is roughly ℓ, and that the value of n at the highest peak of dE ℓmkn / dt ∞ GW becomes larger as either ℓ or the eccentricity e becomes larger. For example, the location of the peak of dE ℓmkn / dt ∞ GW is approximately n = 700 when e = 0.9, ℓ = m = 20 and k = 0. The shapes of the spectra in the Schwarzschild and Kerr cases are qualitatively very similar.
In practical computations, we have to truncate the mode summation. We set the target accuracy of the mode summation with respect to n and k to be 10 −10 . It is useful if we know the location of the highest peak of dE ℓmkn / dt ∞ GW before the computation to reduce the computational time. However, it is difficult to derive an analytical expression for such a location. In this work, we adopt the following procedure to determine the range of the n-mode summation. First, we compute dE ℓmkn / dt ∞ GW for ℓ = m = 2 and k = 0 for a wide range of n starting from n = n 0 to obtain sufficient coverage of the n-mode. In this computation, we obtain the location of the peak n = n p for ℓ = m = 2 and k = 0. For other ℓ = 2 modes, since it is expected that the peak value of n is not significantly different from that for ℓ = m = 2 and k = 0, we first search for the peak near n p . We then compute dE ℓmkn / dt ∞ GW starting from the new peak of n, and sum dE ℓmkn / dt ∞ GW until the total flux converges with an accuracy of 10 −10 . For modes (ℓ, m, k) with ℓ > 2, we basically repeat the above procedure. We search for the peak near the peak for (ℓ, m, k) = (ℓ − 1, ℓ − 1, 0). Starting from this location of n, we compute and sum dE ℓmkn / dt ∞ GW until the total flux converges.
We show the spectrum of dE ℓmk / dt ∞ GW as functions of k in Figs. 5 and 6 in the Schwarzschild case, and in Figs. 7 and 8 in the Kerr case with a = 0.9M. Figures 5 and 7 show the spectrum for the inclination angle θ inc = 20
• , and Figs. 6 and 8 show the spectrum for the high inclination angles θ inc = 70
• and 80
• , respectively. We find that the peak of the k-mode usually exists at approximately ℓ − m except for the m < 0 modes in the case of a low inclination angle. We also find that when the inclination angle is 20
• , the peak value of the modal energy flux becomes smaller when m changes from ℓ to −ℓ. On the other hand, when the inclination angle is large, i.e., θ inc = 70
• or 80
• , the peak value is largest when m = 0. Similarly to the n-mode, the difference between the Schwarzschild and Kerr cases is not very large, but the spectra of the Kerr cases are broader than those of the Schwarzschild cases. By taking this behavior into account, it is straightforward to truncate the k-mode summation, which guarantees the accuracy of the total flux of 10 −10 .
In Figs. 9 and 10, we show the modal energy flux at the horizon, dE ℓmkn / dt H GW , as functions of n. In Figs. 11-14 , we show the spectrum of dE ℓmk / dt H GW as functions of k. We find that the shape of the energy spectrum at the horizon is very similar to that at infinity.
We thus follow the above procedure to determine the range of summation of k and n for the energy spectrum at the horizon.
For the m-mode, we compute all m-modes from ℓ to −ℓ. For ℓ-mode, we set the maximum of ℓ to be ℓ max = 20. This value is chosen to reduce computation time. Since the energy flux for each ℓ-mode monotonically decreases with increasing ℓ, the relative error of the total flux due to this truncation is estimated as
Rates of change of the three constants of motion
We first show the results of the rate of change of energy and the energy spectrum in the case of a Schwarzschild black hole. Indeed, the Schwarzschild cases are useful for verifying the accuracy of our code. In these cases, the total energy flux after summing the ℓ-, m-, kand n-modes is independent of the inclination angle. We verify this property by computing the rate of change of energy when the particle moves on the plane with an inclination angle from the equatorial plane around a Schwarzschild black hole. In Table I Table I are consistent with the truncation errors of the summation of the ℓ-, n-and k-mode.
In Table II , we show similar results for the horizon flux. In these cases, the truncation error from the ℓ-mode summation is negligible. The relative error in Table II is due to the truncation of the n-and k-mode summation.
In Table III , we show the rates of change of the three constants of motion due to the emission of gravitational waves to infinity in the case of various bound orbits around a Kerr black hole with a = 0.9M. In this table, we use the same orbital parameters as those used by Drasco and Hughes in Ref. 21 ). Our results are consistent with theirs except for the rates of change of the Carter constant, dC/dt . This is because they used formulas for dC/dt under the approximation that the inclination angle does not change. Of course, this holds only approximately. This is the first time that the rate of change of the Carter constant has been computed accurately using an adiabatic approximation. In Table. III, we also show results for the highly eccentricity of e = 0.9. In Fig. 15 , we plot a highly eccentric orbit with e = 0.9, p = 6M and θ inc = 20
• . As indicated in the bottom right figure in Fig. 4 , the peak location of the n-mode is approximately 600 when ℓ = m = 20 and k = 0.
The values in the square brackets in Table III take values from 10 −11 to 10 −6 . For highly eccentric cases, e > 0.5, ∆ (ℓmax) is larger than the truncation error of the n-and k-mode summation. Thus, the accuracy for such cases is only limited by the truncation of the ℓ-mode summation. For e < 0.5, the truncation errors of the ℓ-mode summation and n-and k-mode summation are comparable, and both errors contribute to the error of the total flux.
In Table IV Table III , this is the first time that the rate of change of the Carter constant due to absorption by the black hole has been computed accurately using an adiabatic approximation. The cases when e = 0.9 are also new results of this work. The numbers in square brackets are the truncation errors of the ℓ-mode summation, ∆ (ℓmax) , with ℓ max = 20. The truncation error of the ℓ-mode summation is much smaller than that of the n-and k-mode summation, which is approximately 10 −10 . The accuracy of the data in Table IV is limited by the truncation of the n-and k-mode summation.
Here, we discuss the sign of dE/dt H . From Table IV , we find that the particle loses ℓmkn is determined by the sign of α ℓmkn , i.e., P = ω mkn − ma/(2Mr + ) = kΩ θ + nΩ r −m(a/(2Mr + ) − Ω φ ). The sign of dE/dt H is determined by the sign of each α ℓmkn and the absolute value of dE/dt H ℓmkn . For a > 0 (corotation of the particle and the black hole), when a is large and the modes with m > 0 and small k and n dominate the total energy flux, the particle can gain energy. We find from Figs. 10 and 13 that when the eccentricity and inclination angle are small, the mode with ℓ = m = 2 and k = 0 dominates the total energy flux and the particle gains energy. On the other hand, when the eccentricity and inclination angle are large, we find from Figs. 10 and 14 that modes with large k and n, which result in P > 0, contribute to the total energy flux. Furthermore, Fig. 14 shows that the peak value of m < 0 modes is very similar to that for m > 0. This also contributes to making dE/dt H positive in the cases of large eccentricity and a large inclination angle.
To confirm the accuracy of the numerical code, we compare our results with the analytical post-Newtonian formulas for orbits that are slightly eccentric but highly inclined. 20) We show the results for p = 100M and various e and θ inc in Table V . We find that our numerical results and the post-Newtonian formulas agree with an accuracy of ∼ 10 −4 or better. Note that when p is smaller than 100M, the accuracy of the post-Newtonian formulas becomes worse than this value.
Once we have the rates of change of the constants of motion I i = (E, L z , C), we can derive the rate of change of the orbital elements ι i = (p, e, θ inc ). We have the following relation,
where Table VI , we compare dι i /dt ∞ with values derived using the postNewtonian formulas by applying Eq. (4 . 10) to the data in Table V . The relative errors of dp/dt ∞ and de/dt ∞ are 10 −4 , whereas the relative error of dθ inc /dt ∞ is approximately 10 −2 . This is because in Ref. 20) , dθ inc /dt ∞ is derived only up to 1PN order from the leading order, whereas dp/dt and de/dt are derived up to 2.5PN order.
We apply Eq. (4 . 10) to the data in Tables III and IV to obtain the rates of change of the orbital elements due to the emission of gravitational waves to infinity and to absorption by the black hole, which are shown in Tables VII and VIII, respectively. We find that in most cases, the flux at infinity and absorption by the black hole exhibit opposite effects except when e = 0.3, 0.5 and 0.7 and θ inc = 80
• . In all cases, since the flux at infinity dominates the sign of the total rate of change, the total rates of change shown in Table IX have the same sign as those for infinity.
To demonstrate some aspects of the evolution of the orbital elements, in Figs. 16 and 17 we plot the total rates of change ( dp/dt , dθ inc /dt ) and ( dp/dt , de/dt ) on the (p, θ inc ) and (p, e) planes, respectively, in the case when a = 0.9M and ℓ max = 5. We find that although the eccentricity is always decreasing at large p, it can increase near the last stable orbit (LSO). The change in the inclination angle is not very significant in the figures, but it is always increasing at large p. Fig. 15 . Plots of the orbits in the same coordinate systems as those used in Fig. 2 . This generic geodesic orbit has eccentricity e = 0.9, semilatus rectum p = 6M and inclination angle θ inc = 20 • . The spin of the black hole is set to a = 0.9M . Table II . Time-averaged rates of change of the energy of a particle due to the emission of gravitational waves to the horizon for the case of a Schwarzschild black hole. In this table, the orbital radius is 10M . We compare the result for the equatorial plane with that for a nonequatorial plane. Truncation errors ∆ H (ℓmax) are shown in square brackets. Here we set ℓ max = 20. e θ inc dp/ dt In this paper, we developed a numerical code to compute gravitational waves induced by a particle orbiting around a Kerr black hole. We obtained the rates of change of energy, angular momentum and the Carter constant for various eccentric and inclined orbits. This is the first time that the rate of change of the Carter constant has been evaluated accurately. These computations include highly eccentric cases, i.e., e = 0.9. In previous works, such high eccentricity was not treated.
Our numerical method is mainly divided into four parts: the computation of the radial and polar motion, the homogeneous solution of the Teukolsky equation, the integration of . Each point represents an orbit and each arrow represents the rate of change of the orbit ( dp/dt , dθ inc /dt ). Here, the lengths of arrows are normalized appropriately. The top left and top right figures show the evolution on the e = 0.1 and e = 0.3 planes respectively. The bottom left and bottom right figures show the evolution on the e = 0.5 and e = 0.7 planes respectively. At a large distance, p is always decreasing and θ inc is always increasing. In the computation of this figure, we set ℓ max = 5.
Eq. (2 . 32) and the mode summation in Eqs. (2 . 35)-(2 . 38). We found that the radial and polar motion can be expressed in terms of Jacobi elliptic functions. This enabled us to solve the geodesic motion more accurately than the method in which the equations of motion are integrated numerically. The asymptotic amplitudes, such as B inc ℓmω , can be computed directly from the MST formalism. We do not need to evaluate the homogeneous solutions at a very large distance to obtain the asymptotic amplitudes. We computed the homogeneous Teukolsky solution, R in ℓmω , at a radius r between r min ≤ r ≤ r max using the MST formalism accurately. The homogeneous solution at other radial points is computed by successive Taylor series expansions. The Taylor series method gives very high accuracy and is much faster than the use of the hypergeometric function expansion at all radial points. We computed the integral, Eq. (2 . 32), using the trapezium rule, which gives very high accuracy when periodic functions are integrated over one period. the ℓ-, k-and n-modes. We have verified the behavior of the energy spectrum of the k-and n-modes. We determined the range of the summation of k and n to obtain an error due to the truncation of k-and n-modes of less than 10 −10 . We truncated the ℓ-mode at ℓ = 20.
This value was chosen to reduce computation time. The error due to the truncation of the ℓ-mode depends on the orbital parameters. When the eccentricity is small, i.e. e < 0.3, this error is approximately 10 −9 . However, when the eccentricity is e = 0.9, this error becomes 10 −5 , which is the largest error out of the results computed in this paper. Note that since the error is only limited by the truncation of the ℓ-, k-and n-modes, it is straightforward to improve the accuracy.
To confirm the accuracy of our code, we computed the energy flux from a Schwarzschild black hole for cases when the orbits are inclined with respect to the equatorial plane. In the Schwarzschild case, the energy flux should not depend on the inclination angle. Thus, we can estimate the accuracy of the code by comparing the results for inclined orbits and equatorial orbits. We found that the accuracy of our code is consistent with the estimates Tables III and IV. Here we set ℓ max = 20. Note that the case of q = 0.9M , p = 6M , e = 0.9 and θ inc = 80 • does not result in stable bound orbits.
a/M p/M e θ inc dp/dt Although we have not completely optimized the code, we briefly discuss the computation time here. In the current code, the computation time for one mode is roughly 0.1 − 0.3 seconds. The total computation time is about 6 − 12 hours when q = 0.9, p = 6M, e = 0.1 and θ inc = 20
• − 80 • , about 1 day when q = 0.9, p = 6M, e = 0.7 and θ inc = 20
• − 80 • , and 1 − 3 days when q = 0.9, p = 6M, e = 0.9 and θ inc = 20
• − 60
• . These times are for the results of computation with one 2.5 GHz AMD Opteron CPU. In Fig.1 in Ref. 14), the computation time for one mode is shown. The computation time using 8 CPUs is about 0.4 seconds when q = 0.7, p = 10M, e = 0.5 and θ inc = 45
• . Thus, the computation time using one CPU will be a few seconds. Thus, our computation time appears to be much shorter than that in Ref. 14) .
By optimizing the code, we can further increase its speed. Also, it is possible to consider Tables III and IV. Here we set ℓ max = 20. Note that the case of q = 0.9M , p = 6M , e = 0.9 and θ inc = 80 • does not result in stable bound orbits. dp/dt H and dθ inc /dt H have opposite signs to dp/dt ∞ and dθ inc /dt ∞ respectively. de/dt H also has the opposite sign to de/dt ∞ except when θ inc = 80 • .
a/M p/M e θ inc dp/dt variants of the method used to obtain the homogeneous solutions, the orbital motion, and so forth. Although we have not used numerical integration methods, it may be advantageous to use them under some circumstances. We will consider these issues in the future. We will also investigate the computation of gravitational waves including the effects of the adiabatic evolution of a particle orbit due to the emission of gravitational waves. This is important for investigating EMRI through the data analysis of LISA. We will also investigate the possibility of computation over a wider range of orbital parameters, such as an eccentricity larger than 0.9, and an inclination angle of θ = 90
• .
We are planning to make our code available to the public so that a wide range of people may use it. We believe our code will be very useful for investigating astrophysical and data analysis issues of EMRI and for analyzing the data obtained from LISA, DECIGO and BBO. .
(A . 3)
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Appendix B Geodesic Motion in the Kerr Spacetime
In this section, we discuss the solutions of the geodesic equations in detail. First, we describe analytical solutions of the r and θ components of the geodesic equations, which are By differentiating r and cos θ with respect to λ, we respectively obtain dr/dλ and d cos θ/dλ analytically, which are expressed as dr dλ (w r ) =2sgn dϕ r dw r × sn(ϕ r ; k r )cn(ϕ r ; k r )dn(ϕ r ; k r )(r 2 − r 3 )(r 1 − r 3 )(r 1 − r 2 ) ((r 1 − r 2 ) sn 2 (ϕ r ; k r ) − (r 1 − r 3 )) 2 
